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$u+u=F(u, \partial_{t}u, \partial_{x}u, \partial_{t}\partial_{x}u, \partial_{x}^{2}u)$ , $(t,x)\in(0, \infty)x\mathbb{R}$ . (1)
$u$ , $\square =\partial_{t}^{2}-\partial_{x}^{2}$ , $F$ $X=(u, \partial_{t}u, \partial_{x}u, \partial_{t}\partial_{x}u, \partial_{x}^{2}u)$
, 3 :
$\exists_{C}>0,$ $\exists_{\delta}>0$ s.t. $|F(X)|\leq C|X|^{3}$ if $|X|\leq\delta$ .
( , $\partial_{t}\partial_{x}u$ $\partial_{x}^{2}u$ 1 , ) ,
(1) , $F$
$u$ $(t\gg 1)$ .
. ( 1 3
, $d$ $P$ Klein-Gordon .
. $d$ 1 . $F$ $P$ 2
)
,
. , $F\equiv 0$ .
, Klein-Gordon
$U_{0}+U_{0}=0$
( , ) .
$\Vert U_{0}(t, \cdot)\Vert_{H^{1}}^{2}+\Vert\partial_{t}U_{0}(t, \cdot)\Vert_{L^{2}}^{2}=$ const. $=O(\epsilon^{2})$ . (2)
( $\epsilon$ $-.$ ) , $tarrow\infty$ $x$
$U_{0}(t,x)= \frac{1}{t^{d/2}}{\rm Re}[a_{0}(x/t)e^{i(t^{2}-|x|^{2})_{+}^{1/2}}]+o(\epsilon t^{-d/2})$ (3)
( $a_{0}(y)$ $y=x/t$
$|y|\geq 1$ $0$ , $i=\sqrt{-1}$, $( \cdot)_{+}=\max\{$ . , $0\}$ ). (3) ,
$tarrow\infty$ $O(\epsilon t^{-d/2})$ :
$\Vert U_{0}(t, \cdot)||_{\iota\infty}<\sim\epsilon(1+t)^{-d/2}$. (4)
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. (
H\"ormander [H] 7.2 )
$d$
$P$ ( $P>1+ \frac{2}{d}$ ) .
,
1980 Klainerman, Shatah ([KP],
[Shl], [Sh2], [K1], etc). $p>1+ \frac{2}{d}$
: , (2), (4) , $(u, \partial_{t}u)$
$H^{1}\cross L^{2}$
$O(\epsilon)$ , $L^{\infty}$ $O(\epsilon t^{-d/2})$
. ,
$\int_{0}^{\infty}\Vert F\Vert_{L^{2}}dt<\epsilon^{p}\sim\int_{0}^{\infty}(1+t)^{-d(p-1)/2}dt$
, $d(p-1)/2>1$ $p>1+ \frac{2}{d}$
$o(\epsilon)$ , ( [H] 73
7.4 )
, 3 , 2
3 , 1 4 .
, ,(p $\leq 1+\frac{2}{d}$ )
. , ,
. Ozawa-Tsutaya-TsutsumI
, 2 , 2 , $F$
([OTT]).
, ( )
( [Su2], [Su3] . [T] Remark 1.4 (ii) ).











([G], [St], [Ma], [GY], [D2], etc). ,
$F=-u_{t}^{3}$ (7)
, (1) ( $[N|$ , [MM], etc)2.
, 1 3 ,
. $F$
$(-u^{2}+3u_{t}^{2}-3u_{x}^{2})u$ , $(-3u^{2}+u_{t}^{2}-u_{x}^{2})u_{t}$ , $(-3u^{2}+u_{t}^{2}-u_{x}^{2})u_{x}$ (8)
(1) ( $[Mo],$ $[Ka]$ , [D2], etc).




$u(O, x)=\epsilon u_{0}(x)$ , $\partial_{t}u(0, x)=\epsilon u_{1}(x)$ (9)
$(0<\epsilon\ll 1_{;}u_{0},ui\ovalbox{\tt\small REJECT}\in C_{0}^{\infty} (\mathbb{R}))$ . $F$
3 $F_{(3)}$ ,
$K_{F}(z)= \frac{-1}{2\pi i}\int_{0}F_{(3)}$ ($\cos\theta,$ $-\cosh z$ sIn $\theta$ , sinh $z$ sin $\theta$ , cosh $z$ sInh $z$ cos $\theta$ , -slnh2 $z$ cos $\theta$) $e^{-i\theta}d\theta$
$(z\in \mathbb{R})$ . :
1([Su4]). $F$
$\inf_{z\in R}{\rm Re} K_{F}(z)\geq 0$ (10)
. (1)$-(9)$ ,
$tarrow\infty$ $x\in \mathbb{R}$
$u(t,x)_{\sqrt{t}\sqrt{1+2\Phi_{F}(x/t)|a(x/t)|^{2}\log t}}=\ovalbox{\tt\small REJECT}^{+}{\rm Re}[a(x/t)e\{i(t^{2}-|x|^{2})^{1/2}+\mathfrak{i}\Psi p(x/t)|a(x/t)|^{2}\mathcal{L}(t,|a(x/t)|^{2}\Phi_{F}(x/t))\}]_{+O(t^{-1/2}(\log t)^{-3/2})}$
(11)
2 [N], [MM] ,
.
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. $a(y)$ $y=x/t$ ,
$N$
$|\theta_{y}^{;}a(y)|\leq C_{j}(1-|y|^{2})_{+}^{N-j}$ , $j=0,1,2,$ $\cdots N$
( $a$ ). ,
$\Phi_{F}(y)=(1-y^{2})_{+}^{1/2}{\rm Re}[K_{F}(\tanh^{-1}y)]$ , $\Psi_{F}(y)=(1-y^{2})_{+}^{1/2}{\rm Im}[K_{F}(\tanh^{-1}y)]$ .
, $\mathcal{L}(\tau, \xi)$ :
$\mathcal{L}(\tau,\xi)=\{\begin{array}{ll}-\log\tau if \xi=0,-\frac{1}{2\xi}\log(1+2\xi\log\tau) if \xi\neq 0,1+2\xi\log\tau>0.\end{array}$




$K_{F}(z)= \frac{i}{8}$ ( $3\gamma_{1}+\gamma_{2}$ cosh2 $z+\gamma_{3}$ sinh2 $z-\gamma_{4}$ cosh $z$ sinh z)




$K_{F}(z)= \frac{3}{8}$ cosh3 $z$ ,
(8)
$K_{F}(z)\equiv 0$
, (10) . , (5)
$K_{F}(z)= \frac{3}{8}$ cosh2 $z$ sinh $z$





( , $C>0$ , $\epsilon$ $T_{\epsilon}\geq e^{c_{\epsilon i}-2}$
) , , $F$





$a_{0}(y)=\{\begin{array}{ll}\frac{e^{i\pi/4}}{(1-y^{2})^{3/4}}[\hat{u}_{0}(\frac{-y}{\sqrt{1-y^{2}}})-i(1-y^{2})^{1/2}\hat{u}_{1}(\frac{-y}{\sqrt{1-y^{2}}})] (|y|<1),0 (|y|\geq 1),\end{array}$




$\hat{u}_{0},\hat{u}_{1}$ Schwartz class , $a_{0}\in C_{0}^{\infty}$ .
, 2 . 1 .
([Su4] ). , $Z=(\partial_{t}, \partial_{x}, t\partial_{x}+x\partial_{t})$ ,
$I=(I_{1}, I_{2}, I_{3})\in(N\cup\{0\})^{3}$ $Z^{I}=\partial_{t^{1}}^{I}\partial_{x^{2}}^{I}(t\partial_{x}+x\partial_{t})^{I_{\theta}},$ $|I|=I_{1}+I_{2}+I_{3}$
. , $A\in(0,$ $+\infty|$
$\frac{1}{A}=\sup_{|y|<1}[-2|a_{0}(y)|^{2}\Phi_{F}(y)]$
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. 2 $u_{appr}(t, x)$
:
$\bullet$ $I$ $B\in(O, A)$ $C_{B,I}>0$
$\sup_{0\leq t\leq e^{B/\epsilon^{2}}}||Z^{1}u_{appr}(t, \cdot)||_{L^{2}}\leq C_{B,I}\epsilon$
$\sup_{0\leq t\leq e^{B/e^{2}}}(1+t)^{1/2}||Z^{I}u_{ppr}(t, \cdot)\Vert_{\iota\infty}\leq C_{B,I}\epsilon$ ,
$\bullet$ $u_{ppr}(0,x)=\epsilon u_{0}(x),$ $\partial_{t}u_{ppr}(0, x)=\epsilon u_{1}(x)$ ,
$\bullet$ $R=(\square +1)u_{ppr}-F(u_{*ppr}, \partial_{t}u_{*ppr}, \partial_{x}u_{ppr}, \partial_{t}\partial_{x}u_{ppr}, \partial_{x}^{2}u_{ppr})$ ,
$I$ $B\in(O, A)$
$\int_{0}^{e^{B/\epsilon^{2}}}||Z^{I}R(t, \cdot)||_{L^{2}}dt\leq C_{B,I}\epsilon^{1+\kappa}$.
$\kappa>0$ $B,$ $I,$ $\epsilon$ .
, $u_{ppr}$ . (1)$-(9)$
$u$ $u_{ppr}$ , .
2 .
. $m\in N$ $B\in(O, A)$ $C_{B,m}>0$ $\epsilon_{0}>0$
, $\epsilon\in(0,\epsilon_{0}$]
$\sup_{0\leq\iota\leq e^{B/e^{2}}}\sum_{|I|\leq m}\Vert Z^{I}(u-u_{*ppr})(t, \cdot)\Vert_{L^{2}}\leq C_{B,m}\epsilon^{1+\kappa}$
. $\kappa>0$ $B,$ $m,$ $\epsilon$ .
( [D1] )
$u_{appr}$ , :




. $U_{0}$ (9) . ,
$U_{1}(t,x)= \frac{\epsilon}{t^{1/2}}{\rm Re}[a_{1}(\epsilon^{2}\log t,x/t)e^{i\varphi(t,x)}]$ , (12)
$U_{2}(t,x)= \frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[a_{2}(\epsilon^{2}\log t,x/t)e^{\mathfrak{i}3\varphi(t,x)}]$ . (13)
$a_{1}(s$ , ( $s$ ) 3
$\{\begin{array}{ll}\partial_{s}a_{1}=-(1-y^{2})_{+}^{1/2}K_{F}(\tanh^{-1}y)|a_{1}|^{2}a_{1}, s>0,a_{1}(0, y)=a_{0}(y) \end{array}$ (14)
, $a_{2}(s,y)$
$a_{2}=H_{F}(\tanh^{-1}y)a_{1}^{3}$ , (15)
$H_{F}(z)= \frac{-1}{8\pi}\int_{0}F_{(3)}$($\cos\theta,$ $-\cosh z$ sin $\theta$ , sinh $z$ sin $\theta$ , cosh $z$ sInh $z$ cos $\theta$ , -slnh2 $z$ cos $\theta$) $e^{-i3\theta}d\theta$
, , $\varphi(t, x)=(t^{2}-x^{2})_{+}^{1/2}$ .
$u_{ppr}$
[D1] , $F$ 3 ,
. , $a-b$ $0$ $a\sim b$
( , ).
, (12), (13) $U_{1}$ $U_{2}$ $(\square +1)U_{1}$ $(\square +1)U_{2}$
$( \square +1)U_{1}={\rm Re}[(\square +1)(\frac{e^{i\varphi}}{t^{1/2}}\epsilon a_{1}(\epsilon^{2}\log t,x/t))]$
$= \frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[\frac{2ie^{i\varphi}}{\sqrt{1-(x/t)^{2}}}\partial_{s}a_{1}]+\frac{\epsilon}{t^{5/2}}{\rm Re}[e$ $P_{1}a_{1}]$
$\sim\frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[\frac{2ie^{i\varphi}}{\sqrt{1-(x/t)^{2}}}\partial_{\epsilon}a_{1}(\epsilon^{2}\log t,x/t)]$ ,
$( \square +1)U_{2}={\rm Re}[(\square +1)(\frac{e^{i3\varphi}}{t^{3/2}}\epsilon^{3}a_{2}(\epsilon^{2}\log t,x/t))]$
$= \frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[-8e^{i3\varphi}a_{2}]+\frac{\epsilon^{3}}{t^{5/2}}{\rm Re}[\frac{6ie^{i3\varphi}}{\sqrt{1-(x/t)^{2}}}(\epsilon^{2}\partial_{s}-1)a_{2}]+\frac{\epsilon^{3}}{t^{7/2}}{\rm Re}[e^{i3\varphi}P_{2}a_{2}]$












$\sim F(U_{1}, \partial_{t}U_{1}, \partial_{x}U_{1})$
$\sim\frac{\epsilon^{3}}{t^{3/2}}F({\rm Re}[a_{1}e^{i\varphi}],$
$-\omega_{0}(x/t){\rm Im}[a_{1}e^{i\varphi}],$ $-\omega_{1}(x/t){\rm Im}[a_{1}e^{i\varphi}])$
$= \frac{\epsilon^{3}}{t^{3/2}}G(x/t, \Theta(t, x))|a_{1}|^{3}$ . (16)
$G(y, \theta)=F(\cos\theta, -\omega_{0}(y)$ sin $\theta,$ $-\omega_{1}(y)$ sin $\theta$),
$\Theta(t,x)=\varphi(t,x)+\arg a_{1}(\epsilon^{2}\log t,x/t)$ .
, $G$ $\theta$ $2\pi$-
$G(y, \theta)=\sum_{n\in Z}\hat{G}_{n}(y)e^{1n\theta}$ ,
$\hat{G}_{n}(y)=\frac{1}{2\pi}\int_{0}^{2}c^{\pi}(y,\theta)e^{-in\theta}d\theta$









$\sim-\frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[2ie^{i\varphi}K_{F}(t\bm{t}h^{-1}(x/t))|a_{1}|^{2}a_{1}]-\frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[8e^{i3\varphi}H_{F}(\tanh^{-1}(x/t))a_{1}^{3}]$ .
, $t>2/\epsilon$
$R=(\square +1)u_{ppr}-F(u_{ppr}, \partial_{t}u_{ppr}, \partial_{x}u_{*ppr})$
$=(\square +1)(U_{1}+U_{2})-F(U_{1}+U_{2}, \partial_{t}(U_{1}+U_{2}),$ $\partial_{x}(U_{1}+U_{2}))$
$\sim\frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[\frac{2ie^{i\varphi}}{\sqrt{1-(x/t)^{2}}}\{\partial_{s}a_{1}+(1-y^{2})^{1/2}K_{F}(t\bm{t}h^{-1}y)|a_{1}|^{2}a_{1}\}|_{(s,y)=(\epsilon^{2}\log t,x/t)}]$
$- \frac{\epsilon^{3}}{t^{3/2}}{\rm Re}[8e^{i3\varphi}\{a_{2}-H_{F}(t\bm{t}h^{-1}y)a_{1}^{3}\}|_{(\epsilon,y)=(g^{2}\log t,x/t)}]$ .
, $a_{1},$ $a_{2}$ (14), (15) , $R$
. . ( , $a_{1}(0, y)=a_{0}(y)$
$1/\epsilon<t<2/\epsilon$ , )
, $A$ . (14)
,
$a_{1}(s,y)_{\sqrt{1+2|a_{0}(y)|^{2}\Phi_{F}(y)s}}=a_{0}(y) \exp\{-i|a_{0}(y)|^{2}\Psi_{F}(y)\int_{0}^{s}\frac{d\sigma}{\ovalbox{\tt\small REJECT} 1+2|ao(y)|^{2}\Phi_{F}(y)\sigma}\}$ (17)
, , $A<\infty$
$\sup$ $|a_{1}(s, y)|arrow+\infty$ $(sarrow A)$ .
$|y|<1$
$s=A$ $a_{1}(s, y)$ . , (10) $1/A=0$
$A=+\infty$ (14) $s$ , (17) (12)
, $t>1$
$U_{1}(t,x)_{\sqrt{t}\sqrt{1+2\Phi_{F}(x/t)|a_{0}(x/t)|^{2}\epsilon^{2}\log t}}=\ovalbox{\tt\small REJECT}^{+}{\rm Re}[\epsilon a_{0}(x/t)e\{i(t^{2}-|x|^{2})^{1/2}+i\Psi_{F}(x/t)|ao(x/t)|^{2}\epsilon^{2}L(t,|ao(x/t)|^{2}\epsilon^{2}\Phi_{F}(x/t))\}]$
. $a(y)=\epsilon a_{0}(y)$ , 1
.
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